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Abstract—In this paper, we study two general semi-inﬁnite programming problems by means of a randomized strategy based on
statistical learning theory. The sample size results obtained with
this approach are generally considered to be very conservative by
the control community. The ﬁrst main contribution of this paper
is to demonstrate that this is not necessarily the case. Utilizing as
a starting point one-sided results from statistical learning theory,
we obtain bounds on the number of required samples that are
manageable for “reasonable” values of probabilistic conﬁdence
and accuracy. In particular, we show that the number of required
samples grows with the accuracy parameter as 1 ln 1 , and
this is a signiﬁcant improvement when compared to the existing
bounds which depend on 1 2 ln 1 2 . Secondly, we present
new results for optimization and feasibility problems involving
Boolean expressions consisting of polynomials. In this case, when
the accuracy parameter is sufﬁciently small, an explicit bound
that only depends on the number of decision variables, and on
the conﬁdence and accuracy parameters is presented. For convex
optimization problems, we also prove that the required sample
size is inversely proportional to the accuracy for ﬁxed conﬁdence.
Thirdly, we propose a randomized algorithm that provides a
probabilistic solution circumventing the potential conservatism of
the bounds previously derived.
Index Terms—Probabilistic robustness, randomized algorithms,
statistical learning theory, uncertain systems.

I. INTRODUCTION
HE presence of uncertainty in the system description
has been always recognized as a critical issue in control
theory and applications. Since the early 1980s, several approaches based on a direct characterization of the uncertainty
into the plant have been proposed. The design objective hence
becomes the computation of a controller that is guaranteed
to perform satisfactorily against all possible uncertainty realizations, thus leading to a worst-case (or robust) solution.
Typically, for a robustness problem, the design parameters,
along with different auxiliary variables, are parameterized
through the use of a decision variable vector , which is de-
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noted as “design parameter,” and is restricted to a design set .
On the other hand, the uncertainty is characterized by means
. That is, each element
of a given bounded set
represents one of the admissible uncertainty realizations, and is
called “uncertainty vector.” However, worst-case control design
problems are often intractable from a computational complexity
point of view [10]. For this reason, various relaxation methods
have been recently proposed, see for example the review paper
[29]. Moreover, it is clear that such an approach would often
lead to a rather conservative design. To avoid these issues, an
alternative paradigm is to assume that the plant uncertainty is
probabilistically described so that a randomized algorithm may
be used to obtain, normally in polynomial time, a solution that
satisﬁes some given properties [32], [37].
Uncertainty randomization is now widely accepted as an
effective tool in dealing with control problems which are computationally difﬁcult, see, e.g., [32]. In particular, regarding
synthesis of a controller to achieve a given performance, two
complementary approaches, sequential and non-sequential,
have been proposed in recent years.
For sequential methods, the resulting iterative algorithms
are based on stochastic gradient [14], [17], [20], [27], ellipsoid
iterations [21], [25] or analytic center cutting plane methods
[13], see also [5] for other classes of sequential algorithms.
Convergence properties in ﬁnite-time are in fact one of the focal
points of these papers. Various control problems have been
solved using these sequential randomized algorithms, including
robust LQ regulators, switched systems, and uncertain linear
matrix inequalities (LMIs). Sequential methods are mostly
used for convex problems; they are very useful because at each
iteration the computational time is usually affordable. However,
the number of iterations may be very large and depends on a
stopping rule.
A classical approach for non-sequential methods is based
upon statistical learning theory [24], [30], [34], and [37]. In
particular, the use of this theory for feedback design of uncertain systems has been initiated in [38]; subsequent work
along this direction include [39], [40]. However, the sample
size bounds derived in these papers, which guarantee that the
obtained solution meets a given probabilistic speciﬁcation, may
be too conservative for being practically useful in a systems
and control context if the available computational resources are
limited. The advantage of these methods is that the problem
under attention may be non-convex and can be solved in
one-shot without any stopping rule.
In particular, for convex optimization problems, a successful
paradigm, denoted as the scenario approach, has been introduced in [11], [12]. In this approach, the original robust control
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problem is reformulated in terms of a single convex optimization problem with sampled constraints which are randomly generated. The main result of this line of research is to derive explicit bounds without resorting to statistical learning methods.
In this paper, we address two general semi-inﬁnite problems
(not necessarily convex) which encompass design of systems
affected by uncertainty. These problems are called semi-inﬁnite
because they are subject to an inﬁnite number of constraints,
but the number of decision variables is ﬁnite. In particular, we
consider a binary measurable function
which serves to formulate the speciﬁc design problem under
attention.
Semi-inﬁnite feasibility problem: Find , if it exists, in
the feasible set

Then, design with semi-inﬁnite constraints falls into the class
of problems considered in this paper, provided that the function
is deﬁned as
if
otherwise.

B. Example 2: Min-Max Problem With Uncertainty
In this example, we show that the problem (2) is closely related to the min-max problem, which is studied, for example,
in the theory of differential games [7]. Consider a measurable
, where is a bounded set,
function
and the min-max design problem
(3)

(1)
Semi-inﬁnite optimization problem: If the feasible set is
nonempty, ﬁnd the optimal solution of the problem

Taking
function
and

(2)
is a measurable function.
where
In the recent randomization literature a distinction between
optimization and feasibility is normally found. For example, papers [11] and [12] deal with optimization while [17] and [27]
deal with feasibility. Also, in this paper there are results that
apply only to optimization problems (see the convex scenario
of Section VI) while others (more related to Statistical Learning
Theory) do not rely on the assumption that an optimum has been
reached.
We notice that robust stabilization, robust model predictive
control and control of uncertain nonlinear systems, to number
only a few, may be reformulated as (1) or (2). We also recall that
various speciﬁc applications which require the solution of these
general semi-inﬁnite optimization problems include congestion
and cooperative control, robust localization and trajectory planning. To provide further motivations we present two examples
that ﬁt within the proposed framework.
A. Example 1: Design With an Inﬁnite Number of Inequality
Constraints
We consider a design problem which is subject to a set of
uncertain constraints. Suppose that given functions
one desires to obtain
such that
the (inﬁnite) set of constraints

is satisﬁed. If the problem is feasible, we may choose a speciﬁc
solution optimizing a given criterion, and this requires to solve
a semi-inﬁnite optimization problem of the form

, the binary
is deﬁned as follows: given
, we have
if
otherwise.

,
is deﬁned as
. Then, the
Given
min-max problem can be immediately reformulated as
(4)
We observe that in this case the feasibility set is always non
empty because
is a bounded function.
The robust design problems formulated in this paper are
generally very difﬁcult to solve because in many situations the
is not a convex constraint on the decision
equality
variable . Moreover, the set
has inﬁnite cardinality. One
way of circumventing this issue consists in the use of randomization, see [32], [37]. This paper is focused on computing
manageable bounds on the sample size to guarantee that the
proposed randomized scheme yields an appropriate (in a probabilistic sense) solution to the semi-inﬁnite design problems,
see [1]–[3] for preliminary results along this direction.
The main contribution of this paper is to show that the sample
size bounds which appeared in the control literature can be reduced by several order of magnitude for “reasonable” values of
conﬁdence and accuracy using “one-sided inequalities” (instead of the more classical “two-sided” inequalities). Furthermore, we present a new result that applies to feasibility and optimization problems involving Boolean functions. Finally, we
introduce a randomized algorithm which makes use of the explicit bounds derived in the paper. The algorithm is then used
for an application example dealing with the controller design of
the lateral motion of an aircraft.
II. A RANDOMIZED STRATEGY
We assume that a probability measure
over the sample
space is given; , and represent positive integers. Then,
given , a collection of independent identically distributed
drawn from
is said
(i.i.d.) samples
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to belong to the Cartesian product
( times). Moreover, if the collection
of
i.i.d. samples
is generated from
according to the proba, then the multisample w is drawn according
bility measure
. The accuracy, conﬁdence and
to the probability measure
,
constraint level (or level) are denoted by
and
, respectively. For
,
,
denotes the
minimum integer greater than or equal to ,
is the natural
logarithm and is the Euler number.
A. Probability of Violation and Empirical Mean
, there might be a fraction of the elements
Given
for which the constraint
is not satisﬁed.
of
This concept is rigorously formalized by means of the notion
of “probability of violation” which is now introduced.
Deﬁnition 1: (Probability of Violation): Consider a probaover
and let
be given. The probbility measure
is
ability of violation of for the function
deﬁned as

Given
, it is generally difﬁcult to obtain the exact value
since this requires the soof the probability of violation
lution of a multiple integral. However, we can approximate its
value using the concept of empirical mean. For given
,
with respect to the multisample
the empirical mean of
is deﬁned as
(5)
Clearly, the empirical mean
is a random variable.
Since
is a binary function,
is always within the
. As discussed below, the empirical mean
closed interval
can be used to formulate a randomized approach for the solution
of the general semi-inﬁnite problems considered in this paper.
B. Randomized Feasibility and Optimization Problems
Suppose that a probability measure
over the set
and
the level
are given. Consider the following randomized strategy:
according
i) Draw i.i.d. samples
.
to the probability
ii) Find (if possible) a feasible solution
of the constraint
(6)
iii) If a feasible solution exists, solve the optimization
problem
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class of problems that can be addressed by the proposed methodallows one to deal with probaology. Furthermore, taking
, while deterbilistic (soft) constraints of the kind
ministic (hard) constraints can be incorporated in the deﬁnition
of the set of decision variables. We observe that problem (7)
is computationally difﬁcult and its solution requires the development of speciﬁc techniques and algorithms (see Section VII
for further details).
We remark that related randomized strategies can be found in
the literature. For example, empirical mean minimization techniques are proposed in [39], min-max problems are presented
in [18] and bootstrap learning methods are introduced in [23].
In these references, the main emphasis is on deriving explicit
bounds on the required number of samples randomly drawn
to guarantee that the obtained solution satisﬁes some
from
probabilistic accuracy and conﬁdence speciﬁcations. All these
methods, however, are normally based also on the randomization of the design parameter set , which implies that a ﬁnite
family approach is followed. That is, only a subset of ﬁnite cardinality of is considered. Finally, we recall that the choice
of the appropriate probability measure has been studied for example in [8] and [9].
In the next section, we introduce different probabilistic notions that are required to assess the probabilistic properties of
the solution obtained by the proposed randomized strategy.
III. ESTIMATING THE PROBABILITY OF FAILURE
We address the problem of obtaining an explicit bound on
the sample size to guarantee that the empirical mean is within a
from the probability of violapre-speciﬁed accuracy
,
. The Hoeffding intion with high conﬁdence
equalities (see for example [19], [32]) characterize how the empirical mean approximates, from a probabilistic point of view,
. Suppose that
is given. Then,
the exact value of
from the Hoeffding inequalities we conclude that
(8)
Thus, in order to guarantee conﬁdence
it sufﬁces to take
such that
is satisﬁed. That is, we obtain the
(additive) Chernoff bound [16]

Unfortunately, this inequality is not applicable to the randomized framework stated in (6) and (7). In fact, the Chernoff bound
is valid only for ﬁxed . In the randomized strategy previously
described, the parameter is a design variable varying in the set
. Motivated by this discussion, we now introduce the deﬁnition of probability of two-sided failure.
Deﬁnition 2: (Probability of Two-Sided Failure): Given ,
and
, the probability of two-sided
is deﬁned as
failure, denoted by

(7)
In this paper, the problems (6) and (7) are denoted as randomized feasibility and randomized optimization, respectively.
We note that considering a level larger than zero broadens the

This deﬁnition can be easily explained in words. If
i.i.d.
samples are drawn from
according to the probability
,
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the set of elements of having an empirical mean not within
of the exact value
is empty with probability no smaller
. The function
enjoys
than
the Uniform Convergence of Empirical Means property (UCEM
as
for each
, see [36],
property) if
[37]. The probability of two-sided failure is based on the two
and
.
inequalities
In the randomized strategy presented in this paper, we are
interested in addressing the following question: after drawing
i.i.d. samples from , suppose that we ﬁnd
such
that the corresponding empirical mean is smaller than ; then,
what is the probability that the difference between
and
the obtained empirical mean is larger than ? To answer this
question, we now introduce the formal deﬁnition of probability
of one-sided constrained failure.
Deﬁnition 3: (Probability of One-Sided Constrained Failure):
,
and
,
Given ,
the probability of one-sided constrained failure, denoted by
is deﬁned as

Finally we introduce the probability of relative difference
failure which is instrumental to prove some of the main results
of the paper.
Deﬁnition 4: (Probability of Relative Difference Failure):
and
, the probability
Given ,
, is deﬁned as
of relative difference failure, denoted by

The previous deﬁnitions introduce two (one-sided) notions of
probability of failure. As it will be shown in this paper, when a
constraint on the empirical mean is given, one can obtain sample
size bounds which are several order of magnitude smaller than
those derived from the probability of two-sided failure. The next
result shows how to bound the probability of one-sided constrained failure by means of the probability of two-sided failure
and the probability of relative difference failure.
Theorem 1: The inequalities
(9)

can attain at most
distinct values when varies in . The maximum number of
)
distinct binary vectors (denoted in the following by
that can be obtained grows with the number of samples . The
next deﬁnition introduces in a formal way the notion of growth
function (also known as shatter coefﬁcient) [34], [35], [37].
Deﬁnition 5: (Growth Function): Given the function
and the multisample
,
denotes the number of distinct binary vectors

that can be obtained with the different elements of
is deﬁned as
growth function

In

words,

is

the

. Then, the

cardinality of the set
and the growth
taken with respect to

function is the supremum of
.
In the celebrated work of Vapnik and Chervonenkis [35], it
has been demonstrated that the growth function can be used to
bound the probability of two-sided failure. This is now formally
stated.
and
Theorem 2: Given the function

We are now ready to introduce the notion of VC-dimension,
also known as the Vapnik-Chervonenkis dimension, see [34],
[37] and the end of this section for additional details.
, the
Deﬁnition 6: Given the function
VC-dimension, denoted as
, is the largest integer
for
is satisﬁed.
which the equality
The VC-dimension establishes the “richness” of a given
family and it can be used to determine a bound on the growth
function by means of the so-called Sauer Lemma, see [28],
[37].
be such that
Lemma 1: Let the function
. Then, for every
we have

(10)
hold for every ,
,
Proof: See Appendix 1.

and

.

IV. SOME ONE-SIDED AND TWO-SIDED RESULTS
FROM STATISTICAL LEARNING THEORY
All the results in this section are available in the literature
on statistical learning theory [34], [37]. They are stated here for
completeness and because they are instrumental to subsequent
results presented in Sections V and VI.
denote the family of functions
Formally, let
, where
. Then, given the mul, the binary vector
tisample

One of the direct consequences of this result is that, under
is bounded by a
the assumption of ﬁnite VC-dimension,
polynomial function of . In turn, this implies that

Bearing in mind Theorem 2, we conclude that, if the VC-dimension is bounded, the probability of two-sided failure converges
to zero when tends to inﬁnity. Using Theorem 2 and Lemma
1, the following result is obtained in [37], see Theorems 7.2 and
10.2.
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Theorem 3: Let
. Suppose that
. Then

and

be such that
are given and
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Corollary 2: Let
. Suppose that

be such that
is given, and
. Then
(11)
(12)

Moreover,

provided that

Theorem 3 is well-known in the control community. However, as discussed in [37], there exist other results in the literature that allow one to reduce by a factor close to 8 the explicit
bound on the number of samples. Basically, these results differ
which is replaced by
from Theorem 2 in the exponent
can be
less conservative ones. For example, the exponent
found in [26] and [34]. The result proved in [34] is used in this
is obtained with almost no inpaper because the exponent
.
crease in the other constants appearing in the bound of
The concept of annealed entropy, see Sections 3.13 and 4.4
in [34], is crucial for stating the next result, which is presented
in [34], Theorem 4.1.
, and
Theorem 4: Given the function

We notice that the ﬁrst claim of this corollary is less conservais replaced
tive than Theorem 3 because the exponent
even though the factor 4 is now replaced by
.
with
Finally, we now recall a bound on the VC-dimension stated
in [37]. This bound has been extensively used to compute
the VC-dimension when the constraints of the problem can
be written as Booleans functions (see deﬁnition below). This
bound is useful in many classical control problems [39], [40],
including the well-known static output feedback, see also the
example in Section VIII.
-Boolean Function): The function
Deﬁnition 7: (
is an
-Boolean function if for ﬁxed it
can be written as an expression consisting of Boolean operators
involving polynomials

in the components ,
, and the degree with respect
to of all these polynomials is no larger than .
Lemma 2: Suppose that
is an
-Boolean function. Then
Next, for the sake of completeness, we present a corollary
which is essentially equivalent to the ﬁrst claim of Theorem 4.4
of [34].
, and
Corollary 1: Given the function

Proof: To prove the result, it sufﬁces to consider Theorem
4 and to show a chain of inequalities

This result, which was stated in [37], relies on a similar bound
given in [22].
V. EXPLICIT SAMPLE SIZE BOUNDS FOR
THE PROBABILITY OF FAILURE
In this section, we focus on the problem of obtaining explicit
bounds on the number of samples required to guarantee a pre, and
speciﬁed conﬁdence . More speciﬁcally, given
real constants , , and , the results of this section allow one to
satisfying the inequality
obtain
(13)

We remark that a very similar bound
is shown in [26]. We now state a theorem which shows that the growth function can be used to
bound the probability of relative difference failure, see Theorem 4.2 in [34].
, and
Theorem 5: Given the function

This result, which is proved in Appendix 2, is now formally
stated.
,
,
,
and
Theorem 6: Suppose that
are given. Then,
and
(14)
provided that

Combining Lemma 1, Corollary 1 and Theorem 5 we obtain
a corollary which is now stated.
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As an example of an application of Theorem 6, we obtain an
alternative explicit bound to that presented in the second claim
of Theorem 3. From the ﬁrst claim of this result, to achieve
a probability of two-sided failure smaller than , it sufﬁces to
such that
choose

are given. Then, the probability of one-sided constrained failure
is smaller than if

Proof: Using Theorem 1, to guarantee
,
such that
. From
it sufﬁces to choose
Theorem 5, we conclude that this inequality is satisﬁed if
Taking
,
,
easily obtain the bound

and applying Theorem 6, we

Next, setting
,
and
6 we conclude that it sufﬁces to take
Clearly, a conservative bound may be computed if, instead of
, a suboptimal
evaluating the inﬁmum with respect to
value of is chosen. For example, setting equal to , we
conclude that it sufﬁces to take

We remark that this bound is less conservative than that stated
in Theorem 3. In the next corollary, we show that further improvements with respect to Theorem 3 can be obtained using
Theorem 6 and Corollary 2.
Corollary 3: Let
be such that
. Suppose that
and
are given. Then,
the probability of two-sided failure
is smaller than if

Proof: From the ﬁrst claim of Corollary 2 we conclude that
it sufﬁces to choose such that

Taking
,
,
and
, the result follows
immediately from Theorem 6.
We recall that Theorem 1 states that
for all ,
and
. This means that Corollary
3 can be used to bound the probability of one-sided constrained
failure. Although Corollary 3 is a clear improvement with respect to Theorem 3, the obtained sample size bound still grows
. This dependence with respect to makes the
with
bound of practical interest only for relatively large values of the
. Next, we show that, when the
accuracy parameter
level parameter is chosen close to zero, manageable sample
size bounds are obtained for reasonable values of accuracy and
conﬁdence parameters and . This constitutes a signiﬁcant
computational improvement that reduces by several orders of
magnitude the required sample size. Notice that it makes sense
to choose close to zero because in most applications one desires to have a small probability of violation.
The next theorem is one of the main contributions of the
paper.
be such that
Theorem 7: Let
. Suppose that
,
and

, using Theorem

Finally, the statement of the theorem follows simply taking
.
In some applications, a reasonable choice of the level param. In turn, this means that, if satisﬁes the feasible
eter is
, then from
constraint of the inequality (6) and
,
with probability no
the deﬁnition of
. Taking
in Theorem 7 one immediately
smaller than
obtains the bound

which grows with
. The next corollary provides an
explicit bound for the particular case when the level parameter
is equal to zero.
be such that
Corollary 4: Let
. Suppose that
and
are given. Then,
is
the probability of one-sided constrained failure
smaller than if

It is worth remarking that a similar bound for the particular
case
can be obtained using Theorem 6 and the notion of
“version space” presented in [26]. More generally, we can intro, where is any non
duce a parametrization of the form
negative scalar, which relates and . With this parametrization
the sample size bound grows as
.
VI. EXPLICIT SAMPLE SIZE BOUNDS
FOR THE ZERO LEVEL CASE
In this section, we present results for the special case
. In
particular, in Subsection VI-A we deal with feasibility and optimization problems with Boolean polynomials constraints and
in Subsection VI-B we present a result for convex optimization
problems. To this end, we consider the following zero-level randomized strategy:
over the set
is
Suppose that a probability measure
given.
according
i) Draw i.i.d. samples
.
to the probability
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ii) Find (if possible) a feasible solution
straint

of the con-

2551

Assumption 1: (Convexity): Let
be a convex and
. We assume that
closed set, and let

(15)
iii) If a feasible solution exists, solve the optimization
problem
(16)
A. Explicit Sample Size Bounds for Boolean Polynomial
Constraints
In this subsection, we consider the zero-level problem when
can be written as an
-Boolean
function (see Deﬁnition 7) on the decision variable
. We derive a one-sided result that complements the bound
presented in Section V, Corollary 4.
is an
Theorem 8: Suppose that
-Boolean function. Then, given
and
, if

then, with probability no smaller than
, either the optimization problem (16) is infeasible and, hence, also the general optimization problem (2) is infeasible; or, (16) is feasible, and then
satisﬁes the inequality
.
any feasible solution
Proof: The proof is given in Appendix 3 and it relies on
the so-called pack-based strategy (see [1], [3]).
Note that using the equation (30) in Appendix 3, more general results in which is not constrained within the open incan be derived. In this sense, the restriction
terval
can be relaxed at the expense of obtaining larger constants appearing in the bound
.
and
, then
We notice that if

Therefore, in this case the bound provided in Theorem 8 yields

That is, if is sufﬁciently small, we obtain an explicit bound that
and .
only depends on ,
B. The Scenario Approach
In this subsection, we study the so-called scenario approach
for robust control introduced in [11], [12], see also [15] for recent results in this area. We address the semi-inﬁnite optimization problem
(17)
, the constraint
for the particular case in which
is convex in for all
, the solution of (17)
is unique1 and the level parameter is equal to zero. The ﬁrst
two assumptions are now stated precisely.
1We remark that this uniqueness assumption can be relaxed in most cases, as
shown in Appendix 1 of [12].

if
otherwise
where
is convex in for any
.
ﬁxed value of
Assumption 2: (Uniqueness): The optimization problem (16)
is either infeasible, or, if feasible, it attains a unique optimal
,
,
solution for all possible multisample extractions
.
We state here a result that was ﬁrst presented in [12].
Corollary 5: Let Assumptions 1 and 2 hold. Suppose that ,
and
satisfy the following inequality:
(18)
Then, with probability no smaller than
, either the optimization problem (16) is infeasible and, hence, also the semi-inﬁnite
convex optimization problem (17) is infeasible; or, (16) is feasatisﬁes the inequality
sible, and then its optimal solution
.
The following result is based on the pack-based formulation
presented in Appendix 3 and on the proof of Theorem 1 of [12].
Corollary 6: Let Assumptions 1 and 2 be satisﬁed. Then,
and
, Corollary 5 holds for
given
(19)
Proof: See [1] for a proof.
The contribution of Corollary 6 is to demonstrate that the
in (18) can be replaced with
. As a direct
term
consequence, we infer that the required sample size is inversely
proportional to the accuracy parameter for ﬁxed conﬁdence. We
notice that the constants appearing in the bound may be slightly
improved.
VII. A RANDOMIZED ALGORITHM FOR
SEMI-INFINITE PROBLEMS
We now present a randomized algorithm for the solution of
the semi-inﬁnite problems stated in (1) and (2). This algorithm
has some similarities with that presented in [23] for ﬁnite families of controllers. Assuming that the function
has ﬁnite VC-dimension
, we provide a strategy
that allows one to circumvent the potential conservativeness
of the sample size bounds previously obtained. This is accomplished by means of a sequence of optimization problems of increasing complexity where the number of iterations is bounded
by the termination parameter . As it can be seen in the algorithm below, at each iteration, two sets of samples of cardinality
and
are generated. The ﬁrst set, consisting of samples
, is used to obtain a candidate probabilistic
solution
to the optimization problem. The performance of
this candidate solution is then tested using the validations sam.
ples
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The cardinality of these sets grows at each iteration

as

(vi) If no feasible solution to this problem is found, then Goto
to the
(iii). Else, compute a (suboptimal) solution
optimization problem
(21)

The constants

and

are chosen such that
and
, where
is the sample
size bound obtained using the results previously presented in
this paper (see Theorem 7). The parameter
limits the maximal number of iterations of the algorithm and allows the user
to control the sample size of the ﬁrst iteration of the algorithm.
The parameter may be chosen in the interval

If
is equal to
, then
is close to 2,
approximately
doubles at each iteration and the sample size of the ﬁrst iteration
.
is close to
The main idea of the algorithm is that if the candidate solution
satisﬁes

at iteration , then it can be classiﬁed as a probabilistic solution with conﬁdence , accuracy and level and no further
iterations of the algorithm are needed. This means that the algorithm may ﬁnd a solution using a number of samples much
smaller than . The algorithm is now formally stated.
A. Randomized Algorithm
(i) Set ,
teger

(ii)

and

equal to the desired levels. Choose the in. Set
and

Set

then Exit. Else, set
and
.
(iv) Draw
i.i.d. samples
according to
.
the probability
of the
(v) Compute (if possible) a feasible solution
constraint

(vii) If
then
is a probabilistic feasible solution with
conﬁdence , accuracy and level . Exit.
i.i.d. validation samples
(viii) Draw
according to the probability
.
(ix) If

then
is a probabilistic feasible solution with conﬁdence , accuracy and level . Exit. Else, Goto step (iii).
Remark 1: (Optimization): We notice that in the absence
of a convexity assumption, (21) requires the solution of a non
convex optimization problem. Previous work [18], [38] focused
on the use of randomization to obtain a ﬁnite set of random samples from the design parameter set . In this way, the so-called
near minima are obtained in polynomial time. However, for
controller design, as discussed in [23], a simple Monte Carlo
scheme of optimization can be very misleading because the obtained empirical minimum may be much larger than the true one
with probability practically equal to one. We therefore propose
to use a suitable local search algorithm to solve the (possible)
non convex problem (21). Contrary to aforementioned works,
this approach is no longer based on a ﬁnite family optimization
method.
Property 1: (Validation): The proposed algorithm guarantees
is classiﬁed as a probabilistic feasible
that, if at iteration ,
solution, then
satisﬁes
with probability
.
no smaller than
Proof: The proof relies on the sample size bound presented
guarantees that
in Theorem 7. In fact, the proposed value for
. A detailed proof of the property is given in
Appendix 5.
It is clear that if the original problem (1) is feasible then the
problem (20) is also feasible for every iteration of the algorithm.
However, if the original problem is not feasible, then the algorithm may exit without providing a feasible probabilistic solution, see the following property.
Property 2: (Feasibility): If the algorithm terminates without
providing a probabilistic feasible solution then, with probability
, there is no
such that
,
no smaller than
where

(iii) If

(20)

Proof: See Appendix 6.
VIII. APPLICATION EXAMPLE
We consider a multivariable example given in [6] and [32]
(see also the original paper [33] for a slightly different model
and set of data) which studies the design of a controller for the
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lateral motion of an aircraft. The state space equation consists
of four states and two inputs and is given by

where
is the bank angle,
its derivative,
is the sideslip
angle,
the yaw rate,
the rudder deﬂection and
the
aileron deﬂection.
The following nominal values for the nine aircraft parameters
,
entering into the state matrix are taken:
,
,
,
,
,
,
and
. Then, each
nominal parameter is perturbed by a relative uncertainty which
; e.g., the parameter
is bounded
is taken to be equal to
in the interval
. That is, we consider the
uncertain system

where
is a
random vector with uniform probability density function. The
is an hyper-rectangle which is deﬁned accordingly.
set
We consider the problem of obtaining a state feedsuch that the closed loop system
back
is Hurwitz for every value of
. Moreover, as in [6], we assume a constraint on the magnitude of the entries of the gain matrix . That is

where the symbol

stands for entry-wise inequality and

In particular, we look for the optimal value of that maximizes
the convergence rate to the origin. Then, the decision param. The design set
eter consists of and , i.e.,
is given by

The function
and

is deﬁned as follows: given
if
otherwise.

Summing up, the non convex semi-inﬁnite optimization
problem under consideration is

where
. Since the condition on Hurwitz stability can
be rewritten as a Boolean expression consisting of polynomials,
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-dimension
invoking Lemma 2 we compute a bound on the
(see [38] for further details).
obtaining
In this example, we ﬁrst set conﬁdence , accuracy and level
equal to
,
and 0 respectively. In this case, using The; since is equal
orem 7 we obtain a sample size
to zero, we also compute the sample size bound
using Theorem 8. Clearly, these are major improvements comparing to the sample size given by Theorem 3, which is
.
To circumvent the potential conservativeness of the sample
size bounds for this example, we run the proposed randomized
algorithm with the exiting parameter equal to 20. The algorithm provided a probabilistic solution at iteration 5. The sample
and
at the last iteration were equal to 957 and
sizes
13,761 respectively. The obtained controller is given by

and the corresponding value for is 3.93. The results provided
, for the obin this paper guarantee that, with conﬁdence
of the uncertain plants (notice that
tained controller
) have a rate of convergence greater or equal to 3.93.
We notice that some of the controller gains are equal to the entries of the bounding matrix , which shows that the constraints
of the problem take effects into the obtained solution.
Once the controller was computed, we formulated a sufﬁcient
condition for robust quadratic stability, obtaining a deterministic
worst case value for the convergence rate . Then, we obtained
the generalized eigenvalue problem

Taking into account that enters afﬁnely in the matrix
,
we reformulate this as a generalized eigenvalue problem subject
to 512 constraints, i.e., the number of vertices of the hyper-rec(this number of constraints can be reduced using the
tangle
results of [4]). By means of the LMI-toolbox for Matlab, the
matrix

and the value
have been computed. This guarantees that the controller derived with the proposed randomized
strategy gives a closed loop uncertain system which is robustly
. Fig. 1 shows the resulting closed loop
stable for all
eigenvalues of the system for 500 elements randomly drawn
from .
,
,
We run also the algorithm for
and
. In this case we obtained a controller that, with
probability no smaller than
, guarantees that
of the
) have a rate of
uncertain plants (notice that
convergence greater or equal to 4.0. The deterministic sufﬁcient
condition provided a worst-case rate of convergence equal to
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APPENDIX I
PROOF OF THEOREM 1
First we prove the inequality (9). Clearly,
, for every ,
and
. Since
, for all
and
, it results that

The second inequality is now proved. Using the deﬁnitions of
and
, it sufﬁces to show that
(22)
Fig. 1. Closed loop eigenvalues for 

= 0,  = 0:01 and  = 10

.

implies
and
as

. Letting
, the ﬁrst inequality of (22) can be rewritten

Clearly, there exists

such that

Using this equation, we have

Fig. 2. Closed loop eigenvalues for 

= 0:05,  = 0:01 and  = 10

.

3.43. Fig. 2 shows the resulting closed loop eigenvalues of the
system for 500 elements randomly drawn from .

Bearing in mind that
obtain the relation

and

IX. CONCLUSION
In this paper, we proposed a randomized strategy to address a
general class of semi-inﬁnite feasibility and optimization problems. We have shown the usefulness of constrained one-sided
results from statistical learning theory for successfully addressing various uncertain systems and control problems. We
have demonstrated that the obtained bounds are of several
order of magnitude smaller than those currently utilized in
the control community literature for “reasonable” values of
probabilistic conﬁdence and accuracy . In particular, we
have shown that the number of required samples grows with
, and this is a signiﬁcant
the accuracy parameter as
improvement when compared to the existing bounds which
.
depend on
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APPENDIX II
PROOF OF THEOREM 6

APPENDIX III
A PACK-BASED STRATEGY AND PROOF OF THEOREM 8

Clearly, inequality (14) is equivalent to

Letting
equivalent to

, it easily follows that the inequality (14) is

In this appendix, a technique introduced recently (see [1],
[3]), denoted as pack-based strategy, is presented. This allows
us to obtain improved sample size bounds for the particular case
when the level parameter is equal to zero. This technique is
also instrumental to the proof of Theorem 8.
Given an integer , we say that belongs to the sample space
if belongs to the Cartesian product
( times).
Then, given
, the function
is deﬁned as follows. For a given
and a collection
,
of samples
(25)

(23)
, we notice that
is no
Next, from the convexity of
. Therefore, the inequality
smaller than its linearization at
(23) holds if there exists
such that

The following notation is introduced to emphasize that given
samples, the multisample z may be
a collection of
considered as a collection of packs of samples each. Given
positive integers and , the collection
is said to belong to the set
if
,
. Note
that there is an equivalence one-to-one between the elements of
and the elements of
.
The notion of probability of violation introduced in Deﬁnition
1, is now generalized to the function

Given
mean of
Since
if

, and
, the empirical
with respect to the multisample is deﬁned as
(26)

we conclude that the inequality (14) is satisﬁed

(24)
Recall now that
,
,
,
and
Then, we conclude that inequality (24) implies

.

The following lemma, which is proved in Appendix 4, shows
and
.
the relationships between the probabilities
We also remark that the “log-over-log” bound appearing here
has been stated in [31], see also [32].
satisﬁes
.
Lemma 3: Suppose that
is given and
Assume that

Finally, note that
Then, we have that
.
We are now ready to introduce the following pack-based zerolevel randomized strategy:
inde(i) Given positive integers and , draw
pendent identically distributed samples
according to the probability
.
(ii) Pack the samples as follows:

Using this fact, we conclude that
. This means that
growing function for

is a strictly

..
.

..
.

..
.

..
.
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(iii) Find (if possible) a feasible solution
based feasibility problem

to the pack-

We now continue with the proof of Theorem 8. Suppose that
and that
. As
, we infer from
, then
Corollary 2 that if

(27)
(iv) If this problem is feasible, ﬁnd a solution to the packbased optimization problem
(28)
We introduce a simple result which states the equivalence between problems (16) and (28).
Lemma 4: Given
and
, suppose that
.
Then, given the multi-sample extraction
,
the problem (16) is feasible if and only if the problem (28)
where
and
is feasible. In case of feasibility,
denote the optimal solutions of problems (16) and (28),
respectively.
Proof: To prove the result it sufﬁces to notice that problems
(16) and (28) yield the same optimization problem.
We are now ready to prove Theorem 8. To this end, note that
the deﬁnition of probability of two-sided failure applies to the
in a natural way. Given ,
and the
function
, the probability of two-sided
function
failure
is deﬁned by

An intermediate result is now stated.
and
, suppose
Lemma 5: Given
,
and
are chosen such that
,
that
and
. Then, with probability no smaller than
, either the zero-level randomized
optimization problem (16) is infeasible and, hence, also the
general optimization problem (2) is infeasible; or, (16) is feasible, and then any feasible solution satisﬁes the inequality
.
Proof: If the zero-level randomized optimization problem
(16) is infeasible, then the general optimization problem (2) is
also infeasible. Consider now the case where problem (16) is
feasible.
Clearly, if is a feasible solution to problem (16), then it is
also a feasible solution to the optimization problem (28). This
. Denote by the probability that
implies that
. Lemma 3 allows one to afﬁrm that this probability
is no larger than the probability of
. We now prove
that is no larger than

Invoking Theorem 6 for
if
that

,

and

we obtain

This means, by Lemma 5, that the claim of Theorem 8 holds if
where

Equivalently, the number of samples
required to guarantee
that the claim of Theorem 8 holds is bounded by

(29)
From the assumptions of the theorem it is easy to see that
can be written as an
-Boolean function (see
Deﬁnition 7). Therefore, using Lemma 2 we obtain that
. Thus,
can
.
be taken as an upper bound of the VC-dimension of
To minimize the number of samples we ﬁx
and
to 0.844 and 3.193, respectively. These values correspond to the numerical minimization of the term
. This choice of and and
the inequality
lead to the following bound:

N  2:05 1:86
Since

ln

21:64



+4:39n log2

4e

k 1:86

:

, we have
(30)

Substituting this inequality in the previous bound we obtain

APPENDIX IV
PROOF OF LEMMA 3
and
. The
Two cases should be considered, i.e.,
proof for the ﬁrst case is trivial because
, for
. This implies that
. In
all
what follows, the second case will be analyzed. We recall that
the probability of violation is given by
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This means that the probability of drawing a collection of
samples
and obtaining

is equal to
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Taking into account the statement presented in (22) in the proof
of Theorem 1, it follows that:

. From this fact, we conclude that
. As
it follows that
(32)
(31)
and

Since

satisﬁes the inequality

Combining this inequality with (32) we obtain

we conclude from (31) that

Applying the natural logarithm to both sides of the inequality,
we have

Multiplying

both

The multiplicative Chernoff bound [34] states that given a ﬁxed
and
,

sides

of
this
inequality
by
, the following sequence of

relations is obtained

Therefore, the proposed choice for

guarantees that

Finally, we conclude that the probability of misclassiﬁcation
is smaller than
, for
. Let
denote
the probability of misclassiﬁcation under the assumption that
reaches the value . This probability is determined by the
choice of ,

We easily obtain from Theorem 7 that
. Since
the selection of guarantees that
, the probability of
. We ﬁnally
misclassiﬁcation at iteration is no larger than
conclude that the probability of misclassiﬁcation of the algorithm is no larger than
APPENDIX V
PROOF OF THE STATEMENT IN PROPERTY 1
First, let
probability of obtaining
and
this probability satisﬁes

. Denote also by
the
satisfying
at iteration ,
. Clearly,

We notice that this bound on the probability of misclassiﬁcation
is related to that presented in [25], which relies on the convergence of the series
.
APPENDIX VI
PROOF OF PROPERTY 2

and
Next deﬁne
and
.
With this notation, it results that
and consequently
. Therefore, the previous bound on
is
rewritten as

and

To prove this property we proceed by contradiction. Suppose
and that the algorithm
that there exists such that
reaches iteration . In addition, suppose that problem (20) is
infeasible also for this last iteration with probability greater
than . Then, we bound the probability that at iteration
the problem (20) is infeasible for the i.i.d. multisample
. Since we assume that there exists at least an
element
satisfying
and
,
this probability is no larger than
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. Finally, using the Hoeffding inequality
provided in (8) we obtain
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