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Abstract—In this paper, we propose a kernel method for identification of infinite impulse response (IIR) nonlinear systems without
prior structural information. The main result of the paper is to
establish the conditions for asymptotic convergence in terms of
the input to output exponential stability. The performance of the
method is tested on real world applications and computer simulations. The results obtained show the efficacy of the method.
Index Terms—Kernel method, nonlinear system identification,
parameter estimation, system identification.

I. INTRODUCTION

S

YSTEM identification is a critical part of system analysis
and control [28]. The theory of linear system identification
is relatively mature and a number of well developed techniques
[11], [22] exist and are applicable to various problems. On the
other hand, despite of a long history, there exist few results
for identification of general nonlinear systems. Several classical
survey papers [8], [10], [20] provide valuable insight into this
problem, while more recent developments are presented in [7].
We also recall that two special issues on system identification
[23] and [24] have appeared recently.
Nonlinear system identification can be roughly divided into
two categories, known structure and unknown structure. If the
system structure is available a priori, the nonlinear system identification becomes a nonlinear parameter estimation problem.
There exist a large number of papers which deal with this
topic. The most noticeable research along this direction is
the so-called block oriented nonlinear system identification
[1], [26]. The well-known Hammerstein and Wiener models
belong to this class. Identification of nonlinear systems without
prior structural information is a much harder problem and
remains to be mostly intractable. Traditional methods are the
Volterra and Wiener series representations [18] which require
correlation-based higher order statistics. These methods are
theoretically elegant, but applications are limited to nonlinear
systems that can be approximated well by very low order
kernels. Another approach to nonlinear system identification
without prior structural information is to assume that the
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unknown system belongs to a certain class parameterized by
a fixed basis functions, e.g., polynomials, Fourier series and
orthonormal functions [1], [2], [19]. Then, again the problem is
reduced to parameter estimation. A difficulty with this approach
is that it is sensitive to the assumptions on the class that the
actual but unknown nonlinear system belongs and to the basis
functions chosen. Without enough prior structural information
of the unknown system, a fixed basis function approach often
needs a very large number of terms to reasonably approximate
the unknown system. To overcome this difficulty, some basis
functions dependent on tunable parameters, such as wavelets
and neural networks, have been proposed [29]. These basis
functions are much more powerful than the fixed ones. However, they still require adequate prior structural information
on the unknown system so that the structure of the wavelets
or the neural network is “rich” enough to include the class
of nonlinear systems which contains the actual but unknown
system. For instance, in neural network approximations, it is
impossible to determine how many hidden nodes are needed
if no prior information on the unknown nonlinear system is
available. There is an additional difficulty with the tunable
basis function approach, i.e., the minimization of the adjustable
weights is usually non-convex and thus, the performance deteriorates due to the fact that the minimization algorithm often
traps in a local minimum. There also exist a few other methods
for nonlinear system identification without prior structural information, e.g., approximation by piecewise linear functions or
splines [26], [27]. These methods can be effective for very low
dimensional nonlinear systems. Finally, the membership set
identification method has been recently extended to nonlinear
systems without prior structural information [12].
In this paper, we propose a kernel method for nonlinear
system identification without prior structural information,
which is especially useful in this case because of its nonparametric nature. The idea of the method is not new and can be
traced back to [15] for its use in probability density estimation.
Since then, it has been studied and extended to nonlinear
system identification without structural information along two
main directions. The first one is application-oriented [3] and no
attempt is made to derive analytically convergence conditions.
The other direction is to find conditions so that the convergence
of the kernel estimator can be achieved. The early work along
this direction is reported in [13] where convergence results have
been obtained for identification of a static nonlinear system.
Convergence was obtained under certain mixing conditions on
the input and output sequences [5]. The discussions were also
extended to nonlinear systems with a state–space representain [6], [9], [16]. In particular
tion
and the noise
in [6], it was assumed that the input vector
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vector
are both i.i.d. sequences. It is further assumed that
is asymptotically
the combined random sequence
condition, a variant
stationary. Then, under the so-called
of the mixing conditions, convergence results can be achieved.
is a condition on the random process
. For
is
a given nonlinear system, the conditions that
asymptotically stationary and
holds were not discussed
and answered in [6] or in related works. In other words, the
conditions on a nonlinear system so the kernel method can
be used were open. This paper takes a different approach by
establishing convergence results in terms of the system properties, especially the system stability conditions. We show in
this paper that traditionally defined stability is not sufficient
for convergence and the input to output exponential stability is
required.
The outline of the paper is as follows. Section II provides
preliminaries and heuristic interpretations for the kernel estimation method. Assumptions and supporting lemmas are also
given in this section. The kernel method is proposed in Section
III along with its convergence proofs. The method is tested on
a real world application in Section IV showing its practical effectiveness. Finally, several issues for future consideration are
discussed in Section V.

II. PRELIMINARIES
Consider a discrete time, scalar and time-invariant nonlinear
infinite impulse response (IIR) system

(1)
, where the initial conditions
are unknown but are assumed to be bounded, i.e.,

for some constant . The input
is an iid random sequence
with an unknown probability distribuover the interval
is a bounded iid random noise of zero mean and untion,
and
is the output which is obviously
known variance
a sequence of random variables. The input
and the noise
are statistically independent. The order of the system is
assumed to be known, but no prior structural information on
is known. The goal is to construct an estimate based on the
input-output data
so that converges to in
some probability sense.
is said to be a kernel function if it satisfies
A function

and
(2)
and is continuous, bounded and symmetric with respect to the
center of the interval
. There exist many such types of
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, the second order and the
kernel functions, e.g., let
bi-weight kernels are well-known

The kernel estimator is a smooth version of a conditional
mean. Consider a static nonlinear system

We estimate
by the empirical mean of
’s associated
’s in a neighborhood of and the size of the neighwith
borhood decreases as the number of observations increases. It
is well known that the kernel approach is convergent [4], [16],
[17] for a static nonlinear system because
and
, for all
• the probability density functions of
and , are identical. In fact, the probability distribution of
is stationary and is independent of time ;
•
and
, are independent. Simply put, the
has no memory.
system
These two key properties allow us to evaluate the statistical
mean by the sample mean leading to the convergence of the
kernel method. A general IIR nonlinear system of the form (1)
does not have these properties even with the traditionally defined stable systems. For example
is exponentially stable when
. With
that is bounded and goes to zero as
,
if
, and
however, the solution
if
. With a small perturbation in the initial state,
the solutions “remember” this difference forever and eventually depart exponentially. Clearly, to extend the results from
to a general IIR nonlinear system (1), some
conditions have to be imposed so that stationary and forgetting
properties are retained.
, initial conditions
To this end, for given initial time
, input and noise sequences
and
, let the solution of (1) at time
be denoted by

Assumption II.1:
1) The nonlinear system (1) is assumed to be exponentially
input-to-output stable [21], i.e.,
and any initial conditions
• for any
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for some
and some bounded positive funcand .
tions
with dif• Consider two solutions at the initial time
ferent initial conditions but the same input and noise sequences

Clearly, the random variables
and
depend on the initial
and
conditions
the input and noise sequences. Denote the probability density
and
by
functions of
and
respectively. Now, we are in a position to show a key lemma.
Lemma II.1: Consider the system (1) with initial time
under Assumption 2.1. Then, for any , the probof
and
ability density functions
of
satisfy

and

Then

as

, for any
provided that

Proof: Without loss of generality, we may assume that
for some
. We now make three observations.
, let
be the solution
1) Consider (1). For
with the initial conditions
for some bounded positive function
and
. In other words, the contribution of the initial
condition is forgotten exponentially if the input and the
noise for the two solutions are the same after the initial
time .
is unknown but lo2) The function
cally Lipschitz.
3) For all , the probability density function of the random
and the joint probability density function of
output
exist and are continuous. Moreover, the joint probability density function of the random
,
variables
is locally Lipschitz
denoted by
, i.e., for sufficiently small
, we
in
have

We may now write
initial conditions

in terms of the initial time

and

The system (1) is time invariant. By shifting the time by
units, it follows that
where

for some bounded positive function
.
and
in the assumption are
We remark that
not used in the algorithm and only enter in the convergence
proof. Therefore, the conditions above are existence conditions,
see additional comments in the discussion section.
and
be the
To show a key lemma of this section, let
and initial conditions
solutions of (1) with the initial time

.
2) From the input to output exponential stability and the previous observation, we have

as
and as
respectively, i.e.,
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3) The sequences
and
are iid with idenand
are
tical distributions. Further,
two iid noise sequences with identical distributions. Thus,
the solutions

and

must have the identical probability density function, say
.
From these three observations, we have
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and
are identical. This implies that the range
in
lies can be easily estimated from the observawhich
’s.
tions of
To avoid unnecessary complications, in the rest of the paper,
we assume that the steady state has been reached or the initial
so that the probability density functions do not
time is at
depend on . The practical implication is that to carry out identification using the method proposed in this paper, one has to
wait until the contribution of the initial condition becomes insignificant. This is the case even for linear system identification.
Lemma II.2: Let
be the joint
probability density function of
and

be the conditional probability density function of
given
. Then, under Assumpand
so that for
tion 2.1, there exists

Similarly

Proof: Let

be the solution of (1) at time for given
. When
may be written as

where
Since the density function
is assumed to be conas
, the conclusion follows.
tinuous and and
We make a few remarks here.
and
1) The above result by no means implies that
are independent. In fact, for all and
and
are
always dependent.
2) The result implies that the probability density function of
does not depend on time if is large enough. In
or the initial time
other words, in the steady state
, the contribution due to the initial condition
vanishes and the probability density functions of
and
satisfy
independent of
and initial conditions. By the same
token, the joint probability density functions of the random
, devariables
noted by
and the random vari, denoted
ables
satisfy
by

independent of and .
3) The probability distribution of
is unknown. In the
steady state, however, the probability distributions of

Let

be a solution for arbitrary initial conditions

for some
output stability
In other words

. By the exponential input-to-
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and for

, we have

Corollary II.1: Let
probability density function of
and

be the joint

be the conditional probability density function of
given
and
. Then, under
and
so
Assumption 2.1, there exists
that for

III. THE KERNEL METHOD AND ITS CONVERGENCE ANALYSIS
We recall again that the main objective of this paper is to esbased
timate the nonlinear function
.
on the input-output measurements
We are now in a position to define the kernel estimate and
to prove its convergence. Let the multi-dimensional kernel
be defined as in (2), i.e.,
function
is continuous, bounded and symmetric with each
variable satisfying
and
and

From the assumption that the joint density function is locally
and
Lipschitz, it follows that there exist
such that for

Next, given the measurements
, define the estimate
of
as shown at the bottom of the page for some sufficiently small
.
We now show the convergence of the estimate (1).
Theorem III.1: Consider the system (1) and the kernel estimate at the bottom of the page under Assumption 2.1. Then, for
so that the
every
probability density function

we have
This completes the proof.
A similar proof gives the following corollary.

in probability as
.

, provided that

as
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Proof: Since
show that in probability

(5)

, it suffices to

(2)

Note that if
, say
, then
is independent of
and
. This implies
if
. Thus, the middle term of (5) is equal to
. Now

and

(3)
To simplify notation, denote the unknown density function of
by
and define

Observe for

where
. By defining two new variables
and making changes of variables

and

it is easily verified that
is bounded. This implies that the middle term of (5) is bounded by

and

Now, to show (2), we write

(6)
(4)
where

stands for the expectation operator. First, we have

The middle term of (6) can be written as

(7)

448

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 52, NO. 3, MARCH 2007

Fig. 1. Actual concentration (solid) and the predicted concentration (dash-dotted).

and the last term of (6) becomes, because
and
for
of

is independent

• Because of exponential input-to-output stability as shown
in Lemma II.2 and Corollary II.1, there exist some
and
, and for
It follows that

(8)
We make two observations.
• Note that
only if

and
. By defining

, and

and substituting new variables in the integrals, it can be
easily verified that both integrals (7) and (8) are bounded,
say bounded by a constant .

This bounds the first term in (4). We now consider the second
term in (4)
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Fig. 2.

f (y; u)
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superimposed with its estimate f^(y; u).

Combing the first and the second term in (4), we have

and this implies

Convergence of (3) can be similarly established. This completes the proof.
IV. EXAMPLES

for sufficiently small . This implies that the second term in (4)
is given by

To show the efficacy of the proposed algorithm without prior
structural information, we tested the proposed method on three
examples. The first one is a real world problem, a liquid-saturated steam heat exchanger, where the input is the liquid flow
rate and the output is the outlet liquid temperature. The data
set is obtained from the classical Identification Database DaISy
(www.esat.kuleuven.ac.be/sista/daisy/). Advantages using real
data are obvious. A disadvantage is that no information on the
actual nonlinear function is available and thus it is not easy
to compare the actual with the estimated . An indirect way
based on the estimated
is to compare the predicted output
nonlinear function with the actual output
. To be able to
compare and directly, we also include a computer simulation example, where is known exactly, though no information about it was used in simulation. Finally, a three dimensional
nonlinear benchmark system [14] is used.
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Fig. 3. Actual output y (k ) (solid) and the predicted output y^(k ) (dashed–dotted) based on the estimate f^(y; u).

Example 1: This is an input-output record of a continuous
stirring tank reactor, where the input is the coolant flow (l/min)
and the output is the concentration (mol/l). The data set consists
of 7500 samples. No a priori knowledge on the actual model,
including the structure and the order, is available. We model this
tank reactor by a first order IIR nonlinear system

and
. Fig. 2 shows
and its
take
estimate
which is very close to the true but unknown ,
as expected. To further test the obtained estimate , we generate
and define the predicted
a new data set
output as

where
The first 6000 data points were used to obtain the estimate
with
. Then, the output estimates,

was estimated from the previous data set
. Fig. 3 shows the actual output
(solid) and its
. The actual output and its estimate
estimate (dash-dotted)
almost coincide.
Example 3: The system is defined in state–space equation
form [14] and is a benchmark problem for identification

were calculated and compared to the actual output
. The
results are given in Fig. 1. The top figure shows the whole
(solid) and
range and the bottom one focuses on
(dash-dotted) for
. Note that
’s,
were not used in identification and their
’s do predict
’s very well. This validates the
estimates
identification method proposed in this paper.
Example 2: Let the unknown nonlinear system be
The Gaussian noise
with
is added as in [14].
and
are not measurable and only
and
are available. A three-dimensional nonlinear system
where the inputs
is iid uniformly in

’s are iid uniformly in
and the noise
. For simulation purposes, we
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Fig. 4. Predicted (dashed–dotted) and actual outputs.

is used to model the system. As in [14],
samples were generated using a uniformly distributed random input
. For validation, the input signal

was used. Fig. 4 shows the actual output (solid) and the predicted
.A
output (dashed–dotted) by the kernel method with
reasonable fit is obtained.
V. DISCUSSION
In this section, we summarize several important issues which
are open and worth studying in the future.
• The first one is the choice of the bandwidth parameter .
The idea of the kernel method is to represent the unknown
locally. In fact, all measurements
’s and
’s so
or
are
that
. Thus,
not used to construct in the neighborhood of
increasing tends to reduce the variance but at the same
time to increase the bias. The best choice is to balance between the bias and the variance. Some guidelines are provided in [13] for identification of a static function. It is very
beneficial to investigate if these guidelines are also applicable to IIR nonlinear system identification. Some random
sampling techniques may be also useful [25].
• Another topic relates to the expression of the kernel estimate. Note that the kernel estimate may be written as

with

This expression is reminiscent of the series representation
of the unknown by basis functions ’s with two important distinctions. One is that the number of terms is exactly the same as the number of the data points. Clearly,
there is no reason why two numbers should coincide. If we
where the order
is a function
set
? The second disof , is there an optimal order
tinction is that the basis functions ’s depend on the measurements but all the basis functions ’s have a common
denominator. In other words, ’s are globally tuned. Obviously, tuning each locally would give rise to a better
performance.
• The other topic is the order estimation. In this paper, the
order is assumed to be known. How to estimate in nonlinear system identification without prior structural information is an interesting question.
is assumed to be avail• In this paper, the input range
able. In some applications, the input range itself could be
unknown and needs to be estimated. This would be another
interesting problem.
• To achieve convergence, exponential input-to-output stability is assumed. This is a sufficient condition, but it is not
a necessary condition. A large number of numerical simulations clearly shows that even for some systems that are
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not exponentially input-to-output stable, the kernel method
proposed in the paper still converges. Now, the question
is what constitutes a necessary condition for the kernel
method to be convergent. This is a tough but a very relevant question. Intuition is that the summation of the cross
so that
term contributions must grow slower than
the average effect converges to zero.

VI. CONCLUDING REMARKS
In this paper, identification of IIR nonlinear systems without
prior structural information is studied, and asymptotic convergence properties of the kernel method are shown. To the best of
our knowledge, this is the first convergent result of the kernel
method based on a stability condition of a unknown nonlinear
system. The numerical test results are very promising. We hope
that the work reported in this paper will lead to continue research
on nonlinear system identification without prior structural information.
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